In this work, an integrated performance evaluation of a decode-and-forward (DF) multi-hop wireless communication system is undertaken over the non-linear generalized α − κ − µ and α − κ − µ-Extreme fading models. Analytical formulas for the probability density function (PDF) and the cumulative distribution function (CDF) of the received signal-to-noise ratio (SNR) as well as its generalized moments 
I. INTRODUCTION
The use of multi-hop communication systems as a way of increasing network coverage area and energy-efficiency with high data rates is gaining importance in next-generation wireless networks. In a multi-hop wireless communication system, information is transmitted from a source device to a destination device through several intermediate nodes, referred to as relays.
Based on the nature and complexity of the relaying system, multi-hop communication systems can be classified into two categories, namely (i) decode-and-forward (DF) and (ii) amplify-andforward [1] . For a DF-based multi-hop system, the relaying node receives the encoded signal, decodes it to regenerate the original symbol and forwards the newly encoded signal to the next node [2] . DF-based multi-hop systems have several applications in ad-hoc networks, sensor networks and microwave links among many others [3] .
The performance analysis of multi-hop communication systems over numerous fading distributions has been well documented in the literature [3] , [4] , [5] , [6] , [7] . The ergodic capacity of a multi-hop relaying system over Rayleigh fading channels has been studied in [4] . The end-toend performance of a DF relaying system based on Ricean and Nakagami-m fading channels was explored in [5] . Yang et al. [8] studied the unified performance analysis of a DF-based multi-hop system based on second order statistics in average outage duration (AOD) and level crossing rate (LCR) over Nakagami, Rayleigh and Rician fading channels. The performance study of a multi-hop communication system with regenerative relays has been investigated over generalized η − µ, κ − µ and α − µ fading channels in [6] , [7] and [9] , respectively. Using traditional performance metrics as well as LCR and amount of fade duration (AFD), Cao et al. [3] presented the performance analysis of end-to-end wireless links over the Generalized-K fading channel.
The modeling of mobile radio channel is a challenging task as the wireless signal is subjected to various hurdles/corruptions in its propagation path from the transmitter to the receiver [10] .
Accurate characterization of the wireless channel is therefore of paramount importance for the realistic assessment of wireless systems performances. Several statistical distributions were developed in the literature to model small-scale fluctuations of the fading channel envelope [11] .
For instance, motivated by the pioneering works in [12] and [13] , the non-linear generalized α − κ − µ and α − κ − µ-Extreme fading models were proposed in [14] , [15] and [16] . The α − κ − µ distribution is a very flexible model that does not assume homogeneous scattering and can account well for non-linearity of multi-path fading [17] . The model includes as special cases several other well-known distributions. In particular, when α = 2, the α − κ − µ distribution reduces to the κ − µ distribution [12] and for κ → 0, the α − µ is obtained [7] . The α − κ − µ-Extreme fading model is derived from the α − κ − µ distribution by allowing µ → 0 and κ → ∞ in order to better characterize small-scale variations of mobile radio propagation under non-linear severe multi-path fading effects usually encountered in enclosed environments [15] . For α = 2, the α − κ − µ-Extreme distribution reduces to a linear severe fading model, the κ − µ-Extreme distribution introduced by Rabelo et al. [13] . Although there are many works related to the study of DF-based multi-hop relaying systems over different fading channels, none of the previous works have investigated the end-to-end performance over α−κ−µ and α−κ−µ-Extreme fading channels. Motivated by this void, we have derived the closed-form mathematical expressions for amount of fading (AF), outage probability (OP), bit error rate (BER) (coherent and non-coherent) and channel capacity for ene-to-end DF relaying system under various adaptive transmissions over α−κ−µ and α−κ−µ-Extreme fading channels. The expressions derived here are presented in a simple manner to optimize clarity and readability. Furthermore, the results produced here are generalized expressions and valid for other fading distributions as special cases. The rest of the paper is organized as follows : The system and channel model are described in Section II. In Section III, we provide the closed-form expressions for the probability density function (PDF), cumulative distribution function (CDF) generalized moments and moment generating function of the end-to-end signal-to-noise ratio (SNR). Different performance metrics for the DF-based multi-hop wireless system over α − κ − µ and α − κ − µ-Extreme fading channels are presented in Section IV. Asymptotic analysis of BER based on Poincare expansions of fading model (PDFs) is carried out in Section V. Performance evaluation, simulation results and discussions are provided in Section VI. Finally, we round up the paper in Section VII with conclusions and possible future considerations.
II. MODEL FORMULATION AND DESCRIPTION

A. System and Channel Models
Consider an n-hop system shown in Figure 1 transmitting information from the source S to the destination D via n − 1 intermediate relays R 1 , R 2 , . . . , R n−1 in time-sharing principles. If the SNR of the i-th hop is denoted by γ i , with PDF f γ i , i = 1, . . . n, the statistical properties Figure 1 . A n-link DF-based multi-hop system.
Relays
of the end-to-end system SNR are then determined by the SNR of the last hop γ n . According to [18] , the PDF of the end-to-end system SNR γ can be written as
where A denotes the probability of the first outage occurring for the first n − 1 hops,Ā = 1 − A and δ(·) is the Dirac delta function. The probability A is given by [18] 
where F γn is the CDF of γ n .
1) The α − κ − µ and α − κ − µ-Extreme fading models: The PDF of the instantaneous SNR of the n-th hop γ n > 0 following the α n − κ n − µ n distribution is given by
where, in order to improve clarity in presentation, we have set
with α n , µ n , κ n > 0. The average SNR per symbolγ n is given bȳ
where E b denotes the energy per symbol and N 0 is the single-sided power spectral density. Using the method of [19] , one can easily show that the CDF of γ n is written as
where Q(·, ·) is the generalized Marcum Q-function. The PDF of the instantaneous SNR of the n-th hop γ n > 0 following the α n − κ n − µ n -Extreme distribution is given by
where
with α n , µ n , κ n > 0 and m n = µ n (κ n + 1) 2 /(2κ n + 1) as the Nakagami parameter which is inversely proportional to the fading severity. The average SNR per symbol is given bȳ
The CDF of the α − κ − µ-Extreme fading model can also be derived using the method of [19] resulting in
The symbols in (4) and (7) will be employed throughout the paper unless the original notation produces shorter expressions.
Remark 1. It is also worth noting that the proposed PDFs representations renders, purely on a symbolic level, the α − κ − µ-Extreme fading model PDF without the extra δ(·) term as a special case of the PDF of the α − κ − µ model in a sense that K n = a n , ω n = 1/2, σ n = b n , θ n = c n and µ n = 2. This observation will be particularly useful for reducing redundancy in the forthcoming derivations.
III. STATISTICAL PROPERTIES
A. PDF and CDF of End-to-End SNR Case I : Assume that the SNRs of the n hops are independent and not necessarily identically distributed (INID) random variables following the α − κ − µ distribution. Then we have from (3) and (5) that the PDF and CDF of the end-to-end SNR γ must be given respectively by
Case II : On the other hand if the SNRs of the n hops are INID random variables following the α − κ − µ-Extreme distribution, then we have from (6) and (8) that the PDF of the end-to-end SNR γ must be given by
whereδ
. The CDF of γ can be written as
B. Moments of End-to-End SNR Generalized moments of the end-to-end SNR are useful for obtaining r-th-order performance metrics such as the mean, variance as well as kurtosis and skewness of the distribution of γ.
The r-th moment of a positive random variable X with density f X is defined by
where E · denotes the expectation operation. For Case I, substituting (9) into (13) and setting
, the r-th moment of γ can be written with the aid of [20, Eq. 6.643 (2)] and [20, Eq.
6.220(2)] as
2r αn (14) whereΦ is the regularized confluent hypergeometric function [20, Eq. 9.210(1)]. Similarly, for
Case II, we have the r-th moment of γ as
It is also worth noting that as expected, upon substituting r = 1 in (14) and (15), one obtains γ =Āγ n andγ =Ā eγ n for each case, respectively.
C. Moment Generating Function
Another useful statistical characteristic of random variables is the moment generating function (MGF) used to obtain n-th order moments or BER under non-coherent modulation, see Section IV. The MGF of γ, denoted by M γ , is defined as
For Case I, we substitute (9) into (16) to get the integral
e sγ e σnγ αn 2
In order to evaluate I 1 , we set y = γ αn/2 and employ [21, Eq. 1.25] and [22, Eq. 8.4.22 (1)] as well as the relationship between the Meijer-G and the Fox-H functions as
Now, expanding the two Fox H-functions in terms of their definition as given in [23, Eq. 1.
1.1]
and reversing the order of integration, we have that
where L r and L t are two suitable contours in the complex r and t planes respectively. The integral G can be evaluated with the aid of [20, Eq. 3.326(2)] to yield Table I MOMENT GENERATING FUNCTOINS
where (ω n +r +t) > 0. Now comparing (20) with the definition of the bivariate Fox H-function given in [21, Eq. 2.57] yields a closed-form expression for the MGF as shown in (21) of Table I .
Remark 1 suggests that the MGF for Case II can be obtained from (21) by inspection resulting in the MGF for Case II being as shown in (22) of Table I .
IV. PERFORMANCE ANALYSIS OF MULTI-HOP DF-BASED RELAY SYSTEMS
A. Amount of Fading
The second-order AF is a useful performance metric that can be used to account for the severity of fading. AF is defined as the ratio of the variance to the square average SNR per
This can be generalized to higher-order fading as AF (14) into (23) yields after some basic simplifications the second-order AF of γ under Case I as
Likewise, for Case II, the second-order amount of fading can be derived using (15) in (23) resulting in
B. Outage probability
The OP is defined as the probability that the SNR per symbol falls below a certain threshold γ th . By employing (10) and (12), this probability can be written for Case I as
Similarly, for Case II, we have that OP can be written as
C. Bit Error Rate 1) Coherent Modulation Schemes: For a given SNR γ, the BER for a variety of coherent modulation schemes can be obtained by averaging the PDF f γ over the conditional additive white Gaussian noise (AWGN) BER given as [24, Eq. 17] and ρ = 6/(M 2 − 1). Thus, for Case I we average (9) over (28) to obtain the integral
Substituting (9) into (29), one has that 
Following the same method as in Section III, using [22, Eq. 8.4.14(2)] to express the complementary error function in terms of its Mellin-Barnes representation, we obtain after some simple mathematical manipulations the BER under coherent modulation schemes for Case I and Case II as shown in (33) and (33) of Table II, respectively. 2) Non-Coherent Modulation Schemes: Under a range of different non-coherent modulation schemes, the BER of the end-to-end SNR γ can be written as [24, Eq. 27]
The values of φ and ρ also vary depending on the modulation scheme. Specifically, for BFSK, .
Upon substituting (9) into (34), it is clear that the resulting integral is of the form of the MGF integral given in (17) . It is therefore straightforward to show that
Similarly, the BER for non-coherent modulation schemes under Case II, can be derived using (22) resulting in
D. Channel Capacity
In this section, we investigate the capacity of α−κ−µ and α−κ−µ-Extreme fading channels under various adaptive transmission schemes.
1) Optimal Rate Adaptation:
The channel capacity of the received ene-to-end SNR γ with density function f γ (γ) under ORA (also known as ergodic capacity) is obtained by averaging the capacity of an additive AWGN C O = B log 2 (1 + γ) over f γ (γ), where B is the bandwidth of the channel. For a n-hop DF-based multi-hop system, we have
For Case I, we substitute (9) into (37) and set y = γ αn/2 to obtain 
where Re (ω n + 2r/α n + t) > 0. 
inspection from (40) the ORA capacity for Case II as in (41) of Table III . Using integration by parts, [25] showed that (37) has the alternative representation
Therefore, substituting (10) and (12) into (42) yields expressions for channel capacity with ORA under Case I and Case II respectively as
2) Optimal Power and Rate Adaptation: Under OPRA, the channel capacity of the end-to-end SNR γ of a n-link DF-based multi-hop system with density f γ is defined as [25, Eq. 10] 13 The optimum cutoff γ o must satisfy the following relation
In order to evaluate (45) for Case I, we express the PDF (9) in terms of the Fox H-function as was done in Section III to obtain after some simple manipulations the integral
ωn o πBK n /(α n n ln 2Ā −1 ). The integral H can be evaluated using integration by parts as H = 2/ [α n (ω n + r + t) 2 ] resulting in the double Mellin-Barnes contour integral
where (ω n + r + t) < 0. 
where γ i o is the i-th iterate of γ o . The iterative procedure will be stopped when |γ
sufficiently small. We also note again that using integration by parts on (45) yields [25, Eq. 11]
Therefore, we can use (10) and (12) in (52) to obtain the OPRA channel capacities for Case I
and Case II respectively as
Numerical integration routines from standard packages can be employed to evaluate (53) and (54).
3) Channel Inversion With Fixed Rate: Under this technique, the channel capacity of the end-to-end SNR γ of a n-link DF-based multi-hop system with density f γ is given by
Since the expression obtained using (14) and (15) are highly restrictive, we can obtain more general ones by employing a similar procedure to the one used in deriving the MGF function of Section III. We only express the bessel function in each SNR PDF in terms of the Meijer G-function and then reverse the order of integration to obtain after some simplifications the single Mellin-Barnes integral 
and
. In an analogous fashion, the CIFR channel capacity for Case II can be derived with the contour condition Re 1/2 − 
4) Truncated Channel Inversion With Fixed Rate:
The channel inversion technique with fixed rate may suffer large capacity penalties as compared to other techniques. To circumvent this shortcoming, a modified inversion which inverts the channel fading above a predetermined truncated fade γ o is often used and is defined for n-link DF-based multi-hop systems as
Note that C T → C c from above as γ o → 0. That is, the gap between C T and C c depends on
Making the substitution y = γ/γ o , the integral in (59) can be re-written as 
o a n α n G 0,1:1,0;1,0 1,1:0,1;1,3
Substituting (9) into (60) and following the simple procedure undertaken in deriving OPRA channel capacity yields The double Mellin-Barnes contour integral must satisfy Re ω n − 2 αn + r + t < 0. Therefore, putting (61) and (62) into (59) gives the TIRF channel capacity for Case I and Case II, respectively. Alternatively, for Case I, another closed-form expression for the integral in (59) can be obtained by making use of the consecutive substitutions x = γ αn/2 followed by
where µ * = µ n − 
Specifically, when
The latter is clearly evident from (63) in the case α = 2.
V. BER AND CAPACITY APPROXIMATIONS FOR LOW SNR REGIMES
In this section, we explore the asymptotic behaviour of the BER by employing asymptotic Poincare series expansions for both the α − κ − µ and α − κ − µ-Extreme fading models in (9) and (11) . Following the idea from [27] of using [20, Eq. 8 .445] and [20, Eq. 0.316], we have that the PDFs of the SNRs for the n-th hop of Case I and Case II fading channels have Poincare asymptotic series expansion near the origin given respectively by
where O denotes the order of a term in the asymptotic series and
A. Asymptotic BER at low SNR levels
We will now attempt to derive asymptotic BER expressions based on the series expansions in (64) and (66).
1) Coherent Modulation Schemes:
Substituting (64) and (66) into (28) and employing [22, Eq. 8.4.15(2)], we have that the asymptotic BER under coherent modulation for Case I and Case II are given respectively by
. 18 2) Non-coherent Modulation Schemes: Similarly, by substituting (64) and (66) 
P e bn∼ φA e + φĀ e a n √ c n 2 Figure 4 illustrates the OP vs average SNR curves for Case I under moderate fading conditions. From the figure, we can deduce that increasing any of the fading parameters values results in notable system performance enhancement with steeper increases noted for increments in µ, the multi-cluster parameter. Increasing the number of hops also improves system performance, especially at lower SNR levels which is a particularly desirable trait. The increase in performance is albeit of a diminishing type. This implies that there is an optimal number/range of hops that maximizes system performance. That is, relaying for the sole purpose of improving outage is only fruitful up to a certain number of relays upon which any additional relaying is futile. Figure 5 depicts the behaviour of BER under non- coherent DBPSK modulation scheme for Case I in moderate fading conditions. Consistent with observations from AF and OP analyses, there is notable system improvement with increments in fading model parameter values and a diminishing system performance improvement with hop number increase at low SNR levels. An additional system behavior is observed for high SNR level which shows that there is a non-null BER even as signal power increases indefinitely. This characteristic was observed by Rabelo et al. [13] for the linear κ−µ-Extreme fading model where to be an a diminishing reduction in channel capacity as more relays are added to the DFbased system. According to [7] this is due to the half-duplex capability of the relays which employs time-sharing multiple-access mechanism. Consequently, increasing the number of hops will require more time to deliver information from S to D, which hampers system capacity.
Finally, Figure 8 shows the channel capacity under all the adaptive transmission schemes for moderate fading conditions. The results are in agreement with the findings of [29] and prove that as expected C P ≥ C O ≥ C T ≥ C c . We expect similar results to the trend set in the preceding analyses for Case II and we therefore avoid displaying the figure for the sake of brevity.
VII. CONCLUSIONS
In this paper, various performance measures of a DF-based multi-hop system over generalized α−κ−µ and α−κ−µ-Extreme fading channels have been examined in detail. We have provided the closed-form expressions for the OP, amount of fading, BER and channel capacity under various adaptive schemes for an end-to-end DF-based multi-hop relaying system. The effects of the variation of the fading parameters and the number of hops on the system performance is demonstrated. System performance was shown to improve in a diminishing manner as the number of hop links increased under moderate fading. However, for severe fading conditions, there is little gain or actual performance degradation. From the analyses carried out in the present work, a few points which could also be of interest for further research are : (i) Determining the number of hops at which a negligible gain in system performance kicks in so as to avoid futile additional relaying if the purpose of relaying is to improve system performance.
(ii) Determining the exact limit of BER under non-coherent modulation schemes as in [13] for the present fading models.
